We propose a new infinite class of generalized binary tensor fields. The first representative of this class is the known Frölicher-Nijenhuis bracket. Also, this new family of tensors reduces to the generalized Nijenhuis torsions recently introduced independently in [5] and [12] . We also conjecture that our generalized binary tensors vanish over nilpotent triangular operator fields.
Introduction
In the last two decades, the study of the geometry of Nijenhuis [10] and Haantjes [4] tensors has experienced a resurgence of interest. Indeed, they have found new, conspicuous applications in the theory of integrable chains of partial differential equations of hydrodynamic type (see e.g. [9] , [2] , [1] ) and recently in the study of infinite-dimensional integrable systems [6] - [8] . In particular, in [11] - [14] we have proposed the notion of Haantjes algebras and the related ones of ωH and P H manifolds as the natural setting for the formulation of the theory of classical finite-dimensional Hamiltonian integrable systems.
At the same time, we believe that the search for new (1, 2) tensor fields generalizing the standard Nijenhuis and Haantjes torsions is an intrinsically interesting problem, which could help characterize algebraically wider classes of operator fields whose standard torsions do not vanish.
The aim of this contribution is to define a new, infinite class of tensors that generalize the Frölicher-Nijenhuis bracket [3] . Our first new example is a Haantjes binary tensor ; similarly, we shall define binary higher-order tensors by means of a recursive procedure. A fundamental aspect of this construction is the fact that the simplest reduction of this class, obtained when each representative is computed over two copies of the same operator field, coincides with the family of generalized torsions defined independently (and from different perspectives) by Y. Kosmann-Schwarzbach in [5] and ourselves in [12] .
Concerning the geometric relevance of our generalized tensors, we state in Theorem 2.6 that the vanishing of the Haantjes binary tensor of two operator fields is a necessary condition for the existence of a local chart allowing us to diagonalize simultaneously the two operators. In addition, we conjecture that the vanishing of the generalized Haantjes binary tensor of level n − 1 of two n-th order operator fields is necessary for the existence of a local chart allowing us to put them in a nilpotent triangular form (see eq. (8)) . Further research is needed in order to deepen into the very rich algebraic structure supposedly associated with generalized Haantjes tensors.
Generalized Haantjes binary tensors
Let M be a differentiable manifold and let A, B : T M → T M be two (1, 1) tensor fields, i.e. two fields of linear operators on the tangent space at each point of M . Definition 2.1 [3] The Frölicher-Nijenhuis bracket of A and B is the skew-symmetric (1, 2) tensor field
As is universally accepted, the notation [ , ] depending on the context stands for both the Frölicher-Nijenhuis bracket of operator fields and the standard Lie bracket of vector fields. When A = B in eq.
(1), one gets twice the standard Nijenhuis torsion [10] , given by the (1, 2) tensor field
We introduce now a "tower" of higher order binary torsions. The first step is to generalize the Frölicher-Nijenhuis bracketà la of Haantjes. To the best of our knowledge, all the definitions we shall propose are new, although very natural. Definition 2.2 The Haantjes binary tensor of A and B is the skew-symmetric (1, 2) tensor field
This tensor is symmetric in A and B as well as the the Frölicher-Nijenhuis bracket; for A = B it reduces to (four times) the standard Haantjes torsion [4] , defined by
Moreover, we have proved that, whenever A and B commute,
The main result of this contribution is given by the following recursive construction. Definition 2.3 Let M be a differentiable manifold and A, B : T M → T M be two (1, 1) tensor fields. The generalized Haantjes binary tensor of level n of A and B is the skew-symmetric (1, 2) tensor field
Observe that, if we assume A = B, then the previous chain of tensor fields reduces to the chain of torsions proposed independently in [5] and [12] , according to the following Definition 2.4 The generalized Nijenhuis torsion of level n, n ≥ 1 is the (1,2)-tensor field
One can prove directly the following statement. Lemma 2.5 The expression of the n-th level Haantjes binary tensor in local coordinates is given by
. (7) The rest of the paper will be devoted to clarify the geometric meaning of the new definitions 2.2 and 2.3. To this aim, we first observe that the Haantjes binary tensor (3) possesses an interesting interpretation. Theorem 2.6 The Haantjes binary tensor of two (1, 1) tensor fields which can be simultaneously diagonalized in a local chart vanishes identically. The proof of this statement can be obtained by means of a direct computation, and will be presented elsewhere.
Generalized Nijenhuis and Haantjes binary tensors for nilpotent operators
We wish to show that both the generalized Nijenhuis torsions and generalized Haantjes binary tensors of level n possess an interesting geometric meaning, when we consider the case of triangular nilpotent operator fields. The relevance of these operators is well known: according to the classical Jordan-Chevalley decomposition, given a vector space V , any linear endomorphism L : V → V can be decomposed (in a suitable basis) as the sum L = D + T , where D is a diagonal operator and T is a triangular nilpotent operator. Let M be a differentiable manifold, and A n : T M → T M be a nilpotent (1, 1) tensor field; we shall assume that there exists a local coordinate chart on M where A n takes the form 
where a ij = a ij (x 1 , . . . , x n ) are arbitrary functions depending on the local coordinates on M . Observe that the (standard) 
A5 (X, Y ) = 0. Inspired by these observations, we conjecture the following result, which has been tested in many examples.
Conjecture. Let M be an n-dimensional differentiable manifold, and B, C : T M → T M be two (1,1) tensor fields on M . The vanishing of their generalized Haantjes binary tensor of level (n − 1)
is a necessary condition for the existence of a local chart where the tensor fields B, C take simultaneously the nilpotent triangular form (8).
In particular, when B = C, the conjecture reduces to the statement that the vanishing of the generalized Nijenhuis torsion τ (n−1) B (X, Y ) = 0 of level (n − 1) is necessary for the existence of a local chart where the operator field B takes a nilpotent triangular form (8) .
A natural question is to ascertain whether there exists a Jordan-Chevalley-type decomposition for an operator field. Precisely, we propose the following Problem. Let M be an n-dimensional differentiable manifold. Determine whether there exists a coordinate chart on M such that, under suitable conditions, a (1, 1) tensor field L : T M → T M can be decomposed into the sum of two operators L = D + T where D is a diagonal operator and T is a triangular operator of the form (8) , with τ (n−1) T (X, Y ) = 0.
